Traditionally, reduction to the pole has been accomplished either by space-or wavenumber-domain filtering. In the two-dimensional case, this procedure is stable regardless of the latitude, as long as the source strike is not parallel to the horizontal projection of the geomagnetic field. In the three-dimensional case, however, reduction-to-the-pole filtering is stable only at high magnetic latitudes. At latitudes lower than 15 degrees, it is of no practical use due to a sharply increasing instability toward the magnetic equator.
INTRODUCTION
The reduction-to-the-pole technique was introduced by Baranov (1957) when he showed that the transformation is theoretically possible under the assumption that the magnetization vector is constant in all magnetized masses. Baranov' s formulation requires numerical evaluation of a double integral which implies loss of accuracy. A procedure for the numerical calculation of the reduction-to-the-pole formula was given in Baranov and Naudy (1964). As they pointed out, when the inclination of the geomagnetic field is close to zero, structures in the north-south direction do not produce any anomaly except at their extremities. In this case, to obtain a reasonable reduction to the pole, it is necessary to have coefficients with high values, covering a large integration domain. However, the high-value coefficients also operate upon the noise so that noise enhancement is expected and the problem of reduction to the pole at low magnetic latitudes may be considered an unstable problem. the reduction-to-the-pole process was possible then by investigating the properties of the reduction-to-the-pole filter in the wavenumber domain. However, the problem of numerical instability at low magnetic latitudes was not addressed in Gunn' s paper. Pearson and Skinner (1982) suggested a reduction-to-thepole procedure in the wavenumber domain which operates on the spectrum of the data previously smoothed by a userdefined whitening factor. The aim of this whitening factor is to attenuate the noise content in the original data so that noise distortion in the reduced field is minimized. This approach is an attempt to deal with the instability of the reduction-to-thepole procedure at low magnetic latitudes. However, applying the remedy to the data and not to the method presents some disadvantages. First, a priori information about the noise is needed to define the whitening factor. Also, noise elimination by spectral techniques is always imperfect. As a result, part of the noise remains in the filtered data, and is, therefore, enhanced since the method (of reducing the anomaly to the pole) is still unstable at low latitudes. dipole spacing. However, as pointed out in Lange1 et al. (1984) , published results using Mayhew' s technique (Mayhew, 1982; Mayhew et al., 1980 , for example) have all been at midlatitudes. Close to the geomagnetic equator, extreme instability occurs in the magnetization solution. Lange1 et al. (1984) investigated the problem of instability in the solution of equivalent sources at low magnetic latitudes and used the technique of principal component regression to reduce instability. This technique essentially consists of eliminating the smallest singular values of a matrix that must be inverted to obtain the magnetization solution.
An entirely different approach based on equivalent sources has been adopted by some authors (Bott and Ingles, 1972; Emilia, 1973 , for example). It consists of finding equivalent sources which, under the assumption of constant magnetization direction, explain the observed data. In a second stage the magnetic field reduced to the pole is obtained by recomputing the magnetic field due to the equivalent sources with the inclination of the geomagnetic field and of the magnetic moments set to 90 degrees. These authors used twodimensional (2-D) sources and analyzed the magnetic field along profiles perpendicular to the source strike. Unless the 2-D structure is in the direction of the horizontal projection of the geomagnetic field or the magnetization, the 2-D reduction to the pole is a stable transformation. None of these authors I demonstrate the instability of the reduction-to-the-pole filter at low magnetic latitudes and show that by formulating the problem of reduction to the pole as an inverse problem, stable solutions in the presence of noise can be found using well-known methods. These methods are given in Tikhonov and Arsenin (1977) , and Hoer1 and Kennard (1970a, b), for example. Consequently, meaningful results at low magnetic latitudes, where the instability is more pronounced, can be obtained. Initially, the magnetization of an equivalent layer of doublets is computed from the observed data. All magnetic doublets are assumed parallel to the magnetization vector whose direction is supposedly constant throughout the sources. Once the doublet strengths are found, the inclinations of the doublets and the geomagnetic field are changed to 90 degrees and the total magnetic field is recalculated. The first stage involves the solution of an inverse problem, while the second is a forward problem. Only the first stage presents instability so that a stabilizing procedure must be applied only there.
INSTABILITY OF REDUCTION-TO-THE-POLE FILTERING
In the wavenumber domain, the reduction-to-the-pole filter is given in (Gunn, 1975) (Hinze et al., 1982) . Using a similar procedure, Mayhew (1979) inverted satellite data to find the magnetic moments of equivalent dipole sources. The smoothed, calculated field from this equivalent source was used as input to another model in which the sources were 2 degrees by 2 degrees spherical prisms. To minimize the usual numerical instability, the magnetic moments of the prisms were constrained to be specified by the coefficients in a double Fourier series in latitude and longitude. Mayhew (1982) (2) Equation (2) shows that close to the magnetic equator (I, N 0 degrees) and for values of 8 close to D, + 90 degrees, the imaginary and real parts of the complex filter weights are very high. In practice, this filter operates on the discrete spectrum of the original data, and this spectrum contains imperfections due to aliasing and Gibbs' phenomenon. Therefore, a poor performance of this filter can be expected at low mag-netic latitudes even in the absence of noise because the imperfections in the spectrum will be enhanced by the large values of the filter weights along the direction D, + 90 degrees. Recall that the direction D, f 90 degrees in the wavenumber domain corresponds to the direction Do in space domain; a fictitious trend along D,, due to filter enhancement of imperfections in this direction, is expected to show up when reducing low-latitude anomalies to the pole.
In 2-D problems this instability occurs only when the 2-D structure strike is close to the direction of the geomagnetic field or the magnetization. In three-dimensional (3-D) problems, however, the instability always occurs because there will always be a few points (u, a) in the 2-D data spectrum such that tan-I (u/u) is close to the direction D, k 90 degrees.
To demonstrate the instability of the reduction-to-the-pole filter, I applied it to the magnetic field due to a vertical prism uniformly magnetized in the direction of the geomagnetic field (Bhattacharyya, 1964) . In terms of grid units the prism is 2 units long (x-direction, assumed parallel to the north-south direction), 2 units wide (y-direction), and 4 units thick (zdirection). Its top is located 2 units below the plane of measurement and the magnetic susceptibility is 0.025 SI units. Because the original data are noise-free, the only way to reduce this instability is to obtain a more perfect representation of the data spectrum. To demonstrate this, the magnetic field due to the same prism was computed in a 128 x 128 grid and the size of the area was doubled in both the x-and y-directions, keeping the prism at the center of the area. The absolute dimensions of the prism were maintained. The FFT filtering was applied to these data and the result is shown in Figure 4 The total magnetic field hi at point P(xi, yi, ZJ due to all doublets is the sum of all magnetic fields at point P(x,, yi, zi) due to each doublet, hi = ;aij.pj for i= 1, 2, . . . . N, 
where A+ is a suitable pseudoinverse for & Once the vector p of strengths is estimated, it is trivial to obtain the magnetic field reduced to the pole. The inclinations of the doublets and the geomagnetic field in equation ( Comparison of Figures 10 and 11 shows that, in contrast to FFT filtering, the proposed technique provides a valuable means of producing meaningful reduced-to-the-pole maps at low magnetic latitudes.
It should be pointed out that even though a stabilizing procedure for the FFT reduction to the pole has been suggested in Pearson and Skinner (1982) , it consists of a filtering applied to the data, which presents two disadvantages. First, the procedure requires a priori information about the noise present in the data. Second, elimination of noise by spectral techniques is not perfect and it may incilr e!imin&ion of par? of the signal as well. On the other hand, formulating the problem of reduction to the pole as an inverse problem, the stabilization is applied to the method, leaving the data unaltered.
Because the optimum stabilizing parameter can be determined by an objective criterion (Hoer1 and Kennard, 1970b), it follows that no a priori knowledge about the noise is required. Figure 12 shows the magnetic field of Figure 7 corrupted by Gaussian noise with standard deviation 8 nT which corresponds to 20 percent of the negative peak value. Figure 13 shows the magnetic field reduced to the pole using equation (13) with I = 0.01. Despite the high noise level, the result shown in Figure 13 is still reasonable. The FFT filtering produces a totally meaningless map in this case.
For comparison, a test similar to the one just described was performed with I = I, = 60 degrees and D = D, = 20 degrees. The additive Gaussian noise has standard deviation 3.2 nT corresponding to 4 percent of the anomaly peak value. It was found that FFT filtering produces a satisfactory reduction to the pole, confirming that the instability of this technique occurs mainly at low latitudes.
Truncated anomaly
In practice, reduction to the pole is applied to areas of finite extent so that truncated anomalies may be expected at the borders, giving rise to undesirable edge effects. I show now that anomaly truncation at low magnetic latitudes does not appreciably affect the results obtained by the equivalent layer technique, but greatly accentuates the instability of FFT reduction to the pole. Figure 14 shows the same anomaly as in Figure 1 but shifted four grid units in the positive x-and y-direction. The corresponding truncated anomaly for I = I, = 5 degrees and D = i&, = 20 degrees was reduced to the pole first using the FFT filtering and then using equation (13) assuming h = 0. The results are shown in Figures 15 and 16, respectively. Figure 15 shows that the anomaly is still undetected but the numerical values are totally unrealistic. Moreover, there is a noticeable spurious trend along 20 degrees northeast. A profile normal to this direction shows oscillations having a peak-to-peak amplitude of more than 300 nT. This amplitude is more than 3 times the amplitude of the true reduced-to-the-pole anomaly. On the other hand, Figure 16 shows that the proposed technique yields a stable solution to the problem, producing a map only slightly distorted as compared with the true magnetic field at the pole (Figure 14) .
A test similar to the one described above Results so far show that, in contrast to FFT filtering, the proposed technique provides excellent reduction-to-the-pole maps when theoretical data are used, because the equivalent layer technique does not use the Fourier spectrum. FFT filtering, on the other hand, uses the discrete Fourier spectrum which. even for theoretical data, contains imperfections caused by Gibbs' phenomenon and aliasing. Moreover, equation (2) shows that the reduction-to-the-pole filter presents numerical poles at I = 0 degrees or I, = 0 degrees which are responsible for the accentuated instability at low latitudes.
By contrast, the system of linear equations (6) is illconditioned at low magnetic latitudes, i.e., at least one of the singular values of b is very small, but still d$erent from zero which accounts for the much better performance of the technique in contrast to FFT filtering when "perfect" data are used. In the presence of noise, both techniques yield unstable solutions and some stabilizing procedure must be applied. When working with an FFT filter, we obtain a more perfect representation of the Fourier spectrum either by using a larger gridding area (as shown in Figure 4) or by eliminating part of the high-frequency noise by a low-pass filter. Both alternatives present disadvantages. On the other hand, when using the equivalent-layer approach, well-known methods for computing stable solutions of a linear inverse problem can be used. At high magnetic latitudes both techniques are stable.
Restrictions on the depth of the equivalent layer of the discrete doublets to a continous distribution of magnetization produces a valid representation of the magnetic field h if the doublets are sufficiently far from the surface of measurements relative to the average doublet spacing. The upper limit follows from the fact that the elements of matrix A [equation (3)] approach a common value when d is large relative to the doublet spacing, causing the system to be illconditioned [equation (6)]. Also, to improve the performance of the proposed technique, the average spacing employed for the observations must be at most one-half the depth to the top of the sources because a sample spacing more than one-half the depth to the top of the sources yields a poor representation of the magnetic field. In summary, the restriction on the use of the proposed techniquc is that the discretization of both the (equivalent) sources and the observations should produce a valid representation of the observed magnetic field. Also, ill-conditioning should be avoided by a suitable choice of the depth of the equivalent layer.
APPLICATIONS TO REAL ANOMALIES
Gulf of Guinea Figure 18 shows the total intensity field over a seamount in the Gulf of Guinea (Harrison, 1971 ). The bathymetric contours of the seamount are shown in Figure 19 in full lines.
Harrison ( technique always performed better than the FFT technique despite the smailer i-2x 12 gridding area employed; as compared with the 16 x 16 gridding area employed in the FFT filtering. Another advantage of the proposed technique is that the base level of the reduced-to-the-pole anomaly is not undefined as is the case with FFT filtering.
The proposed technique was applied to two actual lowlatitude anomalies. In both cases it proved useful in removing the severe distortion caused by the low magnetic inclination. The conclusions obtained from the analysis of theoretical anomalies were confirmed in both areas.
Among the restrictions to application of the proposed technique are the constraints in the range of the equivalent layer depth and the depth to the top of the sources in terms of the grid units (in the case of a regular grid) employed for the observations and doublets. The grid unit for the observations should be at most one-half the depth to the top of the sources and the equivalent layer should be at a depth between 2 and 6 grid units employed for the doublets.
Although the proposed technique requires 50 times more processing time than that for FFT filtering, the absolute time necessary is still modest. To process a 12 x 12 array on a DEC-10 computer takes about 45 s. Moreover, when using a regular grid, processing time can be reduced by more than 90 percent if matrix 8 in equation (14) area with mized by overlapping adjacent areas, discarding some values at the borders, and-choosing X carefully.
